We develop a general gauge invariant construction of the one-loop effective action for supersymmetric gauge field theories formulated in N = 1/2 superspace. Using manifestly covariant techniques (the background superfield method and proper-time representations) adopted to the N = 1/2 superspace we show how to define unambiguously the effective action of a matter multiplet (in fundamental and adjoint representations) and the vector multiplet coupled to a background N = 1/2 gauge superfield. As an application of this construction we exactly calculate the lowenergy one-loop effective action of matter multiplet and SU (2) SYM theory on the Abelian background.
Introduction
Recently it was shown [1] that the low-energy limit of superstring theory in the self-dual graviphoton background field F αβ leads to a four-dimensional supersymmetric field theory formulated in the deformed N = 1 superspace with fermionic coordinated satisfying the relation {θ α ,θ β } = 2α ′ 2 F αβ = 2C αβ .
The anti-commutation relations of the remaining N = 1 chiral superspace coordinates y m ,θα are not modified. The field theories defined on such superspace can be formulated via ordinary superfield actions where the superfields product is defined via the star product [2] f (x, θ,θ) ⋆ g(x, θ,θ) = f e ← − Q α C αβ − → Q β g.
Here Q α = i
∂ αα is the supersymmetry generator. Since the star-product contains explicitly the supersymmetry generator Q α a half of supersymmetries is broken down. Therefore this superspace is called N = 1/2 superspace and the corresponding field theories are called N = 1/2 or nonanticommutative (NAC) supersymmetric theories. We emphasize that such a superspace deformation is possible only in the Euclidean space 1 . Renormalization of various N = 1/2 supersymmetric theories was discussed in Refs. [4] , [5] . One-loop calculations of counterterms in supergauge models were carried out in component formalism [6] and in superspace [7] . It has been found [6] , that at one loop, in the standard class of gauges, the non-gauge-invariant divergent terms are generated. However, there exists a non-linear redefinition of the gaugino fields which remove such terms and restores the gauge invariance. Moreover a modified version of the original pure N = 1/2 Lagrangian has been proposed in [6] . It has a form preserved under renormalization and the parameter of nonanticommutativity C αβ is unrenormalized (at least at one loop). The one loop divergences for NAC U(N) gauge theories with the matter in the adjoint representation have been studied in Ref. [7] using superfield background field method. It was found that the divergent non-gauge -invariant contributions are generated, however it was proved that sum of all one-loop divergences is gauge invariant without any redefinitions. We point out that practically all results in N = 1/2 gauge theories concerned only structure of divergences, the finite part of effective action has not been investigated.
The gauge invariance of the above results means that at the quantum level supergauge invariance is consistent with NAC geometry and hence there exists a procedure to construct the effective action in a form which preserves the manifestly gauge invariance and N = 1/2 supersymmetry. The aim of this paper is to formulate the procedure and study some of its applications. We consider N = 1/2 SYM theory coupled to a matter in fundamental and adjoint representations and use the superfield background field method (see e.g. [8] ) together with superfield heat kernel method [9] . For evaluation of one-loop effective action we also use the special techniques developed in Refs. [10] adapting it to N = 1/2 superspace.
The paper is organize as follows. In the Section 2 we formulate the basic properties of nonanticommutative star-product and introduce the operators T * c and T * s which are very important for considering the NAC matter in the adjoint representation and pure NAC SYM theory. Section 3 is devoted to formulation of the models in superspace and superfield background field method. In the Section 4 we describe a calculation of the one-loop effective action for the matter in the fundamental representation coupled to an external SYM field and find the one-loop effective action on a covariantly constant onshell background. Section 5 is devoted to discussion of the heat kernel techniques and the one-loop effective action for the NAC SYM theory. The obtained results are formulated in the Summary. We do not discuss the details of calculations which are analogous to ones in conventional superfield theories (see e.g [8] , [9] , [10] , [11] , [12] ) and pay attention only on the aspects essentially associated with ⋆-operation.
The properties of ⋆-product
The field theories on the N = 1/2 superspace can be conveniently formulated using a notion of symbols of the operators. For any operator functionf depending on variableŝ θ α satisfying the relations (1) one defines the corresponding Weyl symbol f (θ) by the rulef = d 2 πe πθf (π) wheref (π) is the Fourier transform of the symbol f (θ):
The delta function of the anticommuting variables θ is presented as
The set of operator functions forms a graded algebra. The in product of two operatorsf,ĝ is associated with the star-product of the corresponding
, where the star-product is defined by
A star-product of exponential factors e θπ ⋆ e θψ = e θπ+θψ−παC αβ ψ β allows to write a starproduct for two Weyl symbols in the form
, as well as the star-products of symbols and delta-function in the form
One can note that the change of variables θ → θ ± Cπ in the chain of the left (right) star-products of symbols and delta-functions does not affect on the exponent argument because of the property πCπ = 0, however it simplifies arguments of f i , for example:
These are the basic properties of the star-products which allows to adopt the rules of operation with superfields in the conventional superspace theory for the NAC superspace 2 . Using the star-product operation (3) we define the star-operators T 
Further we will see that the operators T * c and T * s are very important for evaluation of effective action for fields in adjoint representation.
3 SYM theory coupled to the chiral matter in N = 1/2 superspace and the background field method
The N = 1/2 SYM theory in four dimensional superspace with explicitly broken supersymmetry in the antichiral sector can be defined on a N = 1 superspace [2] as straightforward generalization of the standard construction (see e.g. [8] , [9] ) by introducing the NAC (but associative) star-product (2) . The gauge transformations of (anti)chiral superfields in fundamental representation are given in terms of two independent chiral and antichiral parameter superfields Λ,Λ as follows
Gauge fields and field strengths together with their superpartners can be organized into superfields, which are expressed in terms of a scalar superfield potential V in the adjoint representation of the gauge group. The gauge transformations of V look like
Studying of component structure of supergauge theories is simplified with the help of Wess-Zumino (WZ) gauge. It was shown [2] that the commutative gauge transformation does not preserve the WZ gauge because of the properties of ⋆-product and one needs to perform an additional C-dependent gauge transformation in order to recover the WZ gauge. Therefore the supersymmetry transformations of the component fields receive a deformation stipulated by the parameter of nonanticommutativity C αβ . In the gauge chiral representation the constraints for the superspace covariant derivatives are solved by
and the corresponding superfield strengths are given by the deformed algebra of the covariant derivatives
The superfields W α ,Wα satisfy the Bianchi's identities ∇ α ⋆ W α +∇α ⋆Wα = 0. We pay attention that the superstrengths W α andWα include the parameter of nonanticommutativity C αβ by definition. Classic action for N = 1/2 SYM theory is written using superfield strengths W α and Wα as follows
One can check that the action (10) can be written in the form [2]
Here W | C=0 is the superfield strength of the conventional SYM theory.
−Ω ⋆ ⋆Φ) =∇α(eΩ ⋆ ⋆ Φ) = 0 are splitted linearly into background and a quantum parts. Background field quantization consists in use of gauge fixing which explicitly breaks the quantum gauge invariance while preserves manifest background gauge invariance. The procedure in NAC case is analogous to conventional one [8] , [9] and means a replacement the point-products of superfields with the starproducts.
In next sections we consider the effective action induced by the quantum matter and gauge fields on a special background of U(1) vector multiplet superfield. 4 The gauge invariant effective action induced by the matter in the fundamental representation
We consider the theory with action (13) where the superfieldsΦ are absent. For one-loop calculations we have to find a quadratic over quantum fields part of the classical action. After background-quantum splitting defined earlier one can obtain
where the 'masses' are
The one-loop correction to the effective action is formally given by the expression
where ζ ′ (0|H) = ζ ′ (ǫ|H)| ǫ=0 and the zeta-function is defined as follows
Here Tr is the superspace functional trace TrA = d
.. Further we follows the procedure proposed in [11] . Evaluating the effective action on the base of proper-time techniques consists in two steps: calculation of the heat kernel, finding the trace and then it renormalization.
First of all we obtain the useful representation of the ζ-function (17). Separating the diagonal and non-diagonal parts of the operatorĤ ⋆ in (17) we rewrite the ζ-function as
Here we used property
and fulfilled integration by parts. Also we suggest that the 'masses' are slowly varying. The 'mass' dependence in (18) is accompanied by derivatives of the (anti)chiral kernels. It is convenient to separate these derivatives from 'masses'. It can be done by repeated integration by parts. Direct calculation with keeping in mind a limit ǫ → 0 leads to the following representation of ζ-function
with the chiral and antichiral heat kernel traces defined as
In above expressions we used the Laplace-type operators acting in the space of covariantly (anti)chiral superfields (
where ⋆ = Further we will consider an approximation of a covariantly constant on-shell background vector multiplet where the of effective action can be carried up the very end and a result can be expressed in a closed form. Such a background is defined as follows
The one-loop contribution to the effective action is found using the methods formulated in the Refs [12] , [11] and taking into account the property (5) of the star-product. As a result one gets
where
,Nβ α =DαWβ and function ζ(x, y) has been introduced in [12] 
Thus, in the theory under consideration with the operators ± including only left starproducts, the heat trace expansion and hence the effective action is completely defined by ones in conventional superfield theory, so the only difference is presence of ⋆-products in final results instead of ordinary products.
Heat kernel and the effective action in the NAC SYM theory
In this section we consider the one-loop contributions to the effective action of the gauge fields and ghosts. We study a theory with SU(2) gauge group broken to U(1) and assume that the background is described by on-shell Abelian superfield (22).
Features of the background-quantum splitting in the NAC SYM theory
We describe a structure of the background-quantum splitting in the NAC SYM model and point out a role of the operators T ⋆ c,s (6) for the fields in an adjoint representation. Using the background-quantum splitting ∇ → e −v ∇e v and the standard gauge fixing function χ = ∇ 2 v leads to the following quadratic part of N = 1/2 SYM action with SU(2) gauge group for the quantum superfield v (see [8] for some details in conventional superfield theory)
where the operator H v ⋆ has the form
Similarly, the quadratic part of the ghost action has the form 
As a result one gets
where we have used the definitions T 
while the v 3 component of the quantum superfield v = v a τ a do not interact with the background and totally decouple. Above we have analyzed a contribution of the operator D α from operator ∇ α in (26). Now let us consider a contribution of another term Γ α which forms together with D α the supercovariant derivative
because of the property W α (⋆ + ⋆ −1 )Wα = −Wα(⋆ −1 + ⋆ )W α which is valid for the chosen Abelian background. This identity leads to convenient factorization of the kernel in the form (see [10] for details in conventional superfield theory)
Here we have used the chiral basis with coordinates (y αα , θ α , θα) for calculations and the presentation δ
The translation invariant interval components ζ A (z, z ′ ) in the chiral basis are defined by
The Schwinger type heat kernelK(ζ|s) in (36) can be calculated by the various methods and it is well knowñ 
To do that we write a differential equation
and solve it. Thus, we should construct the operators ∇⋆ A (s) and act on I(z, z ′ ). We pay attention that the procedure of calculations, we discuss here, preserves manifest gauge invariance. Therefore, to simplify the calculations, we can impose any appropriate gauge on background superfield. The treatment with I(z, z ′ ) are very much simplified under conditions I(z, z ′ ) = 1 which is equivalent to the Fock-Schwinger gauge ζ A ⋆ Γ⋆ A = 0 or ∇⋆ A I(z, z ′ ) = −iI(z, z ′ )Γ⋆ A (see details in [10] for conventional superspace theories). If in the chiral basis we have a supercovariant derivative ∇ ′⋆ A in the point z ′ , then the supercovariant derivative ∇⋆ satisfying the Fock-Schwinger gauge in point z has the form
The relation (41) leads to explicit expressions for the connections in the Fock-Schwinger gauge:∇⋆β
. First of these relations is the consequence of the supercovariant derivative forms in the chiral basis (8) . Using (42) one can find the solution of the equation (40) in the form
Substituting the ζ A (s) (38) and U⋆I(z, z ′ ) (43) into (36) and taking into account (37) one gets finally the kernel
determining the effective action. Now we discuss a structure of kernels corresponding to the ghost or to any adjoint chiral matter contribution to the effective action. First of all we point out that the following relations take place in on-shell Abelian background
Let us introduce the chiral and antichiral heat kernels
The functions
where ⋆ ± are the (anti)chiral d'Alambertians depending on background superfield in NAC superspace. It means that the functions (47) are the kernels associated with the operators ⋆ ± . Namely these kernels determine the one-loop contribution to the effective action from any chiral matter in the adjoint representation. Since the kernels (47) are from the kernel K χ we can substitute (44) into (47) and find these kernels
These relations determine a contribution of the chiral adjoint matter including ghost superfields into the one-loop effective action.
In next subsection we consider heat traces associated with the heat kernels (44, 48, 49) and, particularly, coefficient a 2 in the Schwinger-De Witt expansion of the low-energy effective action.
Gauge fields and ghosts contribution to the effective action SU (2) SYM theory
The one-loop contribution Γ (1) to the effective action for NAC SYM theory is defined with the help of the ζ-functions ζ χ,± (ǫ) corresponding to the operators H χ ⋆ , ⋆ ± respectively
ghosts .
Here Γ (1) χ is pure SYM contribution and Γ (1) ghosts is ghost contribution. Each of these contributions is calculated via function ζ ′ (0). In its turn, the ζ-functions are given by integral representations
where µ is the normalization point and Tr is an inherent functional trace. General structure of K χ,± (z, z ′ |s) was discussed in the Subsection 5.2 (see (44, 48, 49)). One can show that TrK χ (s) does not contain the holomorphic contributions and, hence, the one-loop divergent contributions to the complete effective action (50) is determined exclusively by the ghosts as in the conventional case [8] .
To construct the divergent part of the effective action we should consider the behavior of K ± (z, z ′ |s)| z ′ =z at small s. As usual, the kernel expansion looks like
is responsible for the divergences. Exact form of the kernel K ± (z, z ′ |s) is given by (48, 49). The only thing we should do is to study its behavior at small s. One can show that the coefficients a 0 (z, z) = 0, a 1 (z, z) = 0. The coefficient a 2 (z, z) includes the products of some number of W α , some number of superintervals ζ A and some number of star-operators T ⋆ c acting on the intervals and superstrengths. Using the explicit form (6) of the operator T ⋆ c one can show that the final expression for a 2 (z, z) is a sum of one for conventional superfield theory plus a total derivative with respect to the variable θ α which is stipulated by action of the operator T ⋆ c on the superinterval ζ A . As a result one obtains
It leads to the divergent part of the effective action in the form
We see that the one-loop divergences on the Abelian background are analogous to classical action what provides renormalizability. The finite parts of the effective action is analyzed by known methods (see e.g. [12] ) 5 . As a result one obtains
. 
Here m is an infrared regulator mass. As a result, the one-loop effective action on the covariantly constant Abelian background is exactly calculated on the base of manifestly gauge invariant techniques in the NAC superspace. We emphasize a role of the star-operator T ⋆ c for the theories with fields in the adjoint representation.
Summary
We have constructed a general procedure of calculating the effective action for SYM theory coupled to matter in N = 1/2 nonanticommutative superspace. The model is formulated in terms of ⋆-product (3) associated with the parameter of nonanticommutativity C αβ (1) and preserves a half of initial N = 1 supersymmetry. The effective action is formulated in framework of superspace background field method.
We developed a proper-time techniques in N = 1 superspace consistent with gauge invariance and ⋆-structure of the theory under consideration. Superfield heat kernel determining the structure of the one-loop effective action has been introduced for the matter in the fundamental and adjoint representations for SU(2) SYM theory.
The procedure for one-loop effective action calculation has been described. We have applied this procedure to finding the low-energy effective action for the matter in the fundamental representation in an external constant Abelian vector multiplet background (22) and for the N = 1/2 SYM model with gauge group SU(2) spontaneously broken down to U(1). It was shown that in case of matter in fundamental representation the low-energy effective action (23) is obtained from the corresponding effective action for the conventional N = 1 superfield theory by inserting the ⋆-products instead of ordinary point-products. In case of SYM theory, the effective action (54), (55) is also constructed on the base of the effective action for the conventional SYM theory, where however the products are given in terms of the special star-operator T ⋆ c (6) introduced in the paper. We found that the models under consideration the effective action is gauge invariant and written completely in terms of ⋆-product and hence the classical ⋆-product does not get any quantum corrections.
